ABSTRACT.
Let 7? be a commutative domain with 1. R(x, y) stands for the free associative algebra of rank 2 over 7?; R\x, y"] is the polynomial algebra over R in the commuting indeterminates x and y.
We prove that the map Ab: Aut (/?(%, y))-» Aut (R[x, y"]) induced by the abelianization functor is a monomorphism.
As a corollary to this statement and a theorem of Jung [5] , Nagata [7] and van der Kulk [8] * that describes the automorphisms of F\x, y"] (F a field) we are able to conclude that every automorphism of F(x, y) is tame (i.e. a product of elementary automorphisms).
R stands for a commutative domain with 1. R(x, y) is the free associative algebra of rank 2 over R on the free generators x and y; R[x, y ] is the polynomial algebra over R on the commuting indeterminates x and y.
We will prove here that the answer to the following conjecture [3, p. 197 ] is in the affirmative: If F is a field then the group of automorphisms of F(x, y) is generated by the elementary automorphisms (defined below) of F(x, y) (i.e. every automorphism of F(x, y) is tame).
In fact, we are going to prove here that, if R is as above, the map Ab:
Aut (R (x, y)) -► Aut(/?[x, y ]) induced by the abelianization functor is a monomorphism and as a consequence of this statement and a theorem of Jung, Nagata and van der Kulk* that says that every automorphism of FLx, y J is tame (for F a field) we will be able to give a complete description of Aut (F(x, y)).
The proof is a generalization of the proof of the main theorem of [4] ; in fact the algorithm we use here to solve a system of equations in R(x, y) is essentially the same we used in the previous paper.
We will refer to [4] For every P £ R(x, y), we write P = £ PP uniquely, where PP £ 8P. Proof. We simply have to observe that the proofs of Lemmas 1 and 3 of [4] are still valid if instead of assuming that the polynomials commute we allow them to satisfy a nontrivial relation of algebraic dependence.
Main results.
Theorem. Let P, Q, E £ R(x, y) satisfy the following requirements:
(i) P°0 = Q°0 = 0, E0 = Ex=0; (ii) P° = 0 for all 72 > 1, 0° = 0 for all 222 > 2, E° = 0 for all r > 2;
(iii) E(P, Q) = xy; -yx. By inductive hypothesis we know 5,, = S if X' < X, hence we can assume that the following inequalities hold: If any of the inequalities in (6) were strict then (9) will also be a strict inequality and we would have reached a contradiction; hence (6) are all equalities. As a consequence E^; P^7, 1 < / < p; 2/> 1 < zs < 222 -p, are all elements of o^ and using (3) we deduce that there are positive integers e'; p.7 1 < / < p; 1 k> 1 < ^ < ra -Mi so that the following relations are satisfied: p = e'p + 1, m = e'r + 2, Proof. Let cp £ Aut (R(x, y)) be such that Ab (cp) = <p = id ^ ^-i. Let <p(x) = P(x, y), cf>(y) = Q(x, y); d>~l(x) = A(x, y), cp~l(y) = B(x, y)?
Set E = AB -BA.
The following equalities hold:
A(P(x, y), Q(x, y)) = x, B(P(x, y), Q(x, y)) = y,
E(P, Q) = xy -yx.
If we apply now the abelianization map we obtain cf>(x) = P(x, y) = x, cp(y) = Q(x, y) = y, Mx, y ) = X , ß(x, y ) = y , E(x, y ) = 0.
As a consequence of (14), P, Q, E satisfy the hypothesis of Theorem 1, and we conclude (15) P = ax, Q = ßy + f(x).
But (14) gives a = ß = 1 and also f(x) = 0. This shows that cp = id"/ vi therefore completing the proof of Corollary 1.
Corollary 2. // F is a field, then the map Ab:
of Corollary 1 is bijective.
Proof. H. Jung [4] proved that every automorphism of F[x, y ] is tame when F is a field of characteristic 0 (see also A. Gutwirth [6] ) and the same conclusion follows from a theorem of M. Nagata [7] Note that the expression c (x + c~ y ) reduces to c(cx + y ) , while in the expression for <p (x), terms c~ y -c~ y cancel; we find cp±1(x) = x± (y(cx + y2)2 + (ex + y2)2y) + c(cx + y2)\ 4>~ iy) = y ± cicx + y2)2.
Thus, cp has the properties claimed. We give an affirmative answer to it, under very restrictive conditions in the following: 
